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Abstract
The effects of topological patterning (i.e., grating and rectangular patterns) on the self-rolling
behaviors of heteroepitaxial strained nanomembranes have been systematically studied. An
analytical modeling framework, validated through finite-element simulations, has been
formulated to predict the resultant curvature of the patterned nanomembrane as the pattern
thickness and density vary. The effectiveness of the grating pattern in regulating the rolling
direction of the nanomembrane has been demonstrated and quantitatively assessed. Further to the
rolling of nanomembranes, a route to achieve predictive design of helical structures has been
proposed and showcased. The present study provides new knowledge and mechanistic guidance
towards predictive control and tuning of roll-up nanostructures via topological patterning.

Supplementary material for this article is available online
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anisotropic

(Some figures may appear in colour only in the online journal)

1. Introduction

With continuous progression towards device and component
miniaturization in nanotechnology, there is increasing demand
in design flexibility and geometry variability [1–3]. Self-rolling
of nanomembranes, where a strained bilayer (or multilayer)
thin film scrolls up to form a three-dimensional (3D) structure,
provides a powerful fabrication route towards realizing various
3D nanoscale configurations, such as nanotubes [4, 5], helix
[6], and wrinkles [7, 8]. These unique 3D structures, combined
with a plentiful pool of available functional materials, has
motivated numerous applications in nanotechnology, such as
microscale resonators [9–11], smart energy storage devices
[12–14], and micro engines [15, 16], where the roll-up
nanostructures are employed as primary architecture units,
promoting great technological progress in micro/nano-electro-
mechanical systems and lab on a chip [17–20].

However, the fabrication and obtainment of those
sophisticated non-planar roll-up nanostructures are heavily
dependent on the topographic patterning technique that pre-
define the initial planar geometry to guide the deposition or
removal of material of the strain engineered nanomembrane in
order to achieve a higher level of manipulation over the
rolling process [21–24]. For instance, the patterned grating
structures have proved to be an effective strategy that can
define and control the rolling direction of strained nano-
membranes to facilitate the fabrication of complex structure
of micro-/nano-springs [25]. The patterned U-shape nano-
membranes are necessary in microtube optical sensors for
lifting-up the middle part of the microtube from the substrate
after rolling-up [9, 26]. Meanwhile, the topographic pattern-
ing also plays an important role in the integration of state-
of-the-art functionality with well-designed optical or electrical
modules, providing exceptional design and fabrication
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flexibilities into targeted devices, thus enhancing the perfor-
mance of existing structures and devices [27, 28].

The accurate design and fabrication of sophisticated roll-
up configurations with patterns necessitate in-depth under-
standing of the mechanics underlying the rolling-up. Many
analytical and numerical methods [29–34] have been devel-
oped, attempting to quantitatively simulate the roll-up process
and to determine the resultant roll-up curvature [35–43].
However, in those previous modeling efforts, the effects of
local thickness variation and nonuniform distribution of mis-
match strain induced by patterning have not been considered.

The present study aims to address the afore-mentioned
deficit in the modeling and simulation of self-rolling of pat-
terned nanomembranes. Based on Von-Karman shell theory
[44, 45] and Ritz method [46, 47], a comprehensive analytical
model has been formulated. The new model quantitatively
accounts for the effect of topographic patterning on the rolling
direction and curvature of rolled-up nanomembranes. The
accuracy and reliability of the analytical prediction from our
model have been confirmed by finite-element (FE) simula-
tions. Furthermore, the implication of our results to the design
of more complex 3D roll-up structures (e.g., helical struc-
tures) was discussed, and a strategy to design helixes of well
controlled geometric metrics, from a patterned host nano-
membrane was demonstrated.

2. Methodology

2.1. Analytical formulation

Figure 1 illustrates the rectangular nanomembrane model
considered in the present study. The length and width of the
nanomembrane are denoted as L and W, with two axes, x1 and
x2, indicating the length and width directions respectively,
also referred to as longitude (x1) and lateral (x2) directions
below. The nanomembrane system comprises of two principle
material layers, a passive substrate and an active film, denoted
below as top and bottom layers respectively. On top of these
two layers resides an additional pattern layer that may vary in
size, density and thickness. The top layer with Young’s
modulus Et, Poisson’s ratio νt, and thicknesses ht, is subject to
initial mismatch strain ε0 that originates from lattice mismatch
or thermal loading. The elastic properties of the bottom layer
of thickness hb are characterized by Young’s modulus Eb and
Poisson’s ratio νb. Without loss of generality, the patterned
material is assumed to be the same as the top layer with
thickness hp. In particular, the patterns can be divided into
two categories, i.e., attached and etched patterns. These two
categories can be self-consistently characterized as hp>0
(attached) and hp<0 (etched). Here for ease of modeling we
also define a dimensionless thickness parameter, Hp =hp/ht,
to reflect the pattern induced relative thickness change for the
top layer. Regarding the pattern layer, here we consider two
typical patterns, i.e., grating and rectangular patterns, and for
each case, we assume the pattern to be uniform in size,
density and thickness, and that the width of the grating pattern
or length/width of the cubic pattern are much smaller than the

resultant roll-up radius of curvature, for simplicity. Aiming at
quantitatively evaluating the size effect of patterns, two
parameters (ρ1, ρ2) are used to indicate the area density of the
pattern layer. The density parameters ρ1 and ρ2 are defined as
the ratios between the patterned area and normal area within
the pattern-containing unit strips along x1 and x2 directions
respectively (see figure 1(c)). It is apparent that when both ρ1
and ρ2 are finite (see figure 1(d)), the cubic patterns are
achieved, otherwise we obtain the grating patterns (see
figures 1(e), (f)).

In our calculations, the relations of strain ε and dis-
placement field u in a deformed nanomembrane in a given
coordinate (x1, x2, x3) (see figure 1(a)) are determined based
on the Von-Karman nonlinear theory [48, 49] describing the
large transverse deflections of thin shell, as shown below,
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with the stress σ is related to strain through Young’s modulus
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where the Greek subscripts α, β and γ=1, 2, and ε0 denotes
the isotropic inelastic mismatch strain.

The displacement field u, and subsequently the stress and
strain fields can be obtained by minimizing the total strain

energy U dV ,
V
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volume of the strained nanomembrane. The existence of
patterns, however, renders the surface nonuniform, in which
case the strain energy can be divided into two parts:
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where Un and Up represent the strain energies associated with
the normal (pattern-free) area SnW and patterned area SpW
respectively. The superscripts b, t and p in the stress and strain
terms indicate their association with bottom, top and pattern
layers respectively. Subsequently the equilibrium configura-
tions of nanomembranes with specific patterns could be
obtained via minimization of U based on the trial in-plane and
out-of-plane displacement shape functions. An approximated
displacement field, i.e., ui (i=1, 2, 3) of the mid-plane of the
nanomembrane can be assumed to be [45–48]:
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where Aij, Bij, a, and b are adjustable parameters to be
determined through the minimization of U. The above three-
order polynomial approximation of the in-plane displacement
filed was proved to be sufficient to provide an accurate
description for analyzing the deformation behaviors of thin
film and shell structures [50, 51]. The curvature fields of the
deformed nanomembrane can then be determined as:
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2.2. Numerical simulations

FE simulations were employed for direct numerical simulations
of the self-rolling behaviors of nanomembranes and validation
of the analytical prediction of the resultant roll-up curvatures.

In this study, FE simulations were performed using the
ABAQUS Unified FE software [52]. The layered structures
with pre-defined patterns were created in the module of com-
posite layups, and 4-node doubly curved thin/thick shell ele-
ments with reduced integration (S4R) were used to discretize
the domain. The initial mismatch strain was achieved by
assigning different thermal expansion coefficients to different
layers and varying the temperature. Two categories of FE
simulations were performed to examine the self-rolling beha-
viors of patterned nanomembranes, detailed as the follows:

(1) Category I: for FE simulations in this category, the
rolling process was examined using the static analysis
process with large rotation considered. The direction of
rolling is pre-defined with a moving boundary condition
set up to achieve controlled release of the nanomem-
brane, where the model geometry is partitioned into
ribbon segments (perpendicular to the rolling direction)
and fixed initially, and then released gradually [53].

Figure 1. Schematic illustration of different pattern structures examined for the bilayer nanomembranes: (a) grating patterns colored in
orange, (b) attached and etched cubic patterns, colored in orange and pink respectively. (c) Definition of the two pattern density parameters,
ρ1 and ρ2, with three representative examples of different pattern types/densities provided, as shown in (d).

Table 1. The relevant material properties of the two nanomembrane systems, GaAs(top)/In0.2Ga0.8As
(bottom) and GaN(top)/AlN(bottom)

[22, 53, 58] considered in the present study.

Material Young’s modulus E (GPa) Poisson’s ratio (ν) Thicknesses (ht or hb) (nm) Mismatch strain (ε0)

GaAs 85.6 0.3 5.2 1.43%
In0.2Ga0.8As 75.1 0.3 5.8
GaN 252 0.26 10 2.41%
AlN 297 0.3 10
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(2) Category II: ABAQUS explicit/dynamic package was
employed for simulations in this category to investigate
the competition between roll-up behaviors along
different roll-up directions of strained nanomembranes.
Unlike those static simulations in category I, no pre-
constrain was imposed to influence the roll-up direction
of the nanomembrane, corresponding to the situation of
isotropic etching release. Simulations in this category
focus on strained nanomembranes with grating patterns,
examining the role of geometrical anisotropic distribu-
tion of grating pattern structures in inducing anisotropic
rolling mode and the formation of helical shapes. It is
worth noting that the effect of cubic patterns on the roll-
up competition was not considered here due to their
geometrical isotropy.

3. Results

3.1. Effect of patterning on roll-up curvature for unidirectional
rolling

Two nanomembrane systems, i.e., GaAs(top)/In0.2Ga0.8As
(bottom)

and GaN(top)/AlN(bottom), which are widely used to fabricate
self-assembly semiconductor nanostructures with various

geometries [6, 41, 54, 55], are selected as representative sys-
tems. The superscripts ‘top’ and ‘bottom’ are used to respec-
tively indicate the materials of the top and bottom layers within
the nanomembranes. The corresponding material properties are
listed in table 1. The FE simulated evolutions of the roll-up
curvature κ11, for controlled unidirectional rolling along the
longitude (x1) direction, as the dimensionless thickness para-
meter H h hp p t=( )/ and pattern density parameters (ρ1, ρ2) vary
are presented in figures 2 and 3 for GaAs(top)/In0.2Ga0.8As

(bottom)

and GaN(top)/AlN(bottom) nanomembrane systems respectively.
As previously described, negative and positive values of Hp

respectively indicate etched and attached patterns. As observed
in figures 2 and 3, there is excellent agreement between the FE
simulated and analytically predicted (from equations (6)–(9)),
which evidences the accuracy and reliability of the analytical
model in describing the rolling behaviors of different material
systems. It is worth to mention that here FE simulations were
used for model validation due to the absence of experimental
data on self-rolling of patterned GaAs(top)/In0.2Ga0.8As

(bottom)

and GaN(top)/AlN(bottom) nanomembranes. Though such rolled-
up microtubes using similar material combination have been
previously reported, the fabrication involved lots of sophisti-
cated and expensive processes such as the fine tuning of the
molecular beam epitaxy, which are far beyond the scope of this
research. Nonetheless, it is important to evaluate the model in

Figure 2. Comparison between the FE simulated (symbols) and model predicted (lines, from equations (6)–(9)) rolling curvature κ11 as the
pattern thickness Hp and pattern densities (ρ1, ρ2) vary, for the GaAs(top)/In0.2Ga0.8As

(bottom) nanomembrane system with (a) grating and
(b) rectangular patterns.

4
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the context of experiments. In this regard, we have included an
additional material system, i.e., Ti [25], where experimental data
are available (though not complete), for further model validation
(details are provided in the supplementary material, available
online at stacks.iop.org/NANO/29/345301/mmedia).

As noted in figures 2 and 3, for positive Hp, the incre-
ment in pattern density leads to decrease in the longitude
rolling curvature κ11, while the opposite dependence of cur-
vature on pattern density is observed for the negative range of
Hp. It can also be seen that the influence of both pattern
density and thickness on the curvature is less pronounced in
the negative range of Hp. Another interesting observation
from figures 2, 3 in the negative range of Hp is that the
dependence of the curvature κ11 on Hp can be non-monotonic,
i.e., as Hp decreases from zero, the curvature would increase
initially but could start decreasing as Hp gets more negative.
This non-monotonic response can be attributed to the com-
petition between strain energy and thickness reduction. The
continuous decrease (i.e., more negative) in Hp leads to
effective reduction in the overall nanomembrane thickness
which facilitates rolling and favors an increase in the curva-
ture, while at the same time it relieves the strain energy,
contributing to lower mechanical driving force for the rolling.
Therefore, the local maximum the rolling curvature indicates
the point where the benefit from thickness reduction is offset
by the loss in strain energy density.

Furthermore, it can be observed in figures 2, 3 that the
model prediction shows some deviation from the FE simu-
lated result at large pattern thicknesses. Such deviation can be
attributed to the approximation with regard to strain gradient
in our model. In many experimental fabrications, surface
patterns are introduced by the mold imprint [25] or surface
etching [56], and consequently the patterned layer is of the
same material as the top layer. In such a scenario, at the initial
state (before the release of the strained layer), the patterned
and top layers are treated as a whole, and zero strain gradient
between them is assumed. In the equilibrium state-of roll-up,
the strain gradient between them is determined based on the
Von-Karman nonlinear theory [48, 49]. If another type of
material is used to introduce patterns, the initial strain gra-
dient depends on their thermal/lattice mismatch strain of
different materials of top and pattern layers. The above
treatment is a reasonable approximation when the pattern
thickness is less or comparable to that of the top layer, but can
lead to inaccurate prediction for larger pattern thickness
because the gap between patterns can partially relax the built-
in mismatch strain in the strained nanomembranes. To remedy
the inaccuracy due to such approximation, one way is to
introduce different weighting functions that can be fitted
to better describe the strain gradient [57] based on the
experimental data, where the strain relaxation of patterns can
be treated approximately by assuming the patterns are

Figure 3. Comparison between the FE simulated (symbols) and predicted (lines, from equations (6)–(9)) rolling curvature κ11 as the pattern
thickness Hp and pattern densities (ρ1, ρ2) vary, for the GaN(top)/AlN(bottom) nanomembrane system with (a) grating and (b) rectangular
patterns.
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completely coherent at their interfaces of the top layer and
completely relaxed at the top end of patterns (see supple-
mentary material for details).

3.2. Flexible tuning of rolling direction and roll-up geometry via
patterning

Recent experiments on grating-patterned metallic micro-
springs reported that the rolling direction of the patterned
grating structures in general stays consistently perpendicular
to the long side edge of the grating pattern [25], in strong
contrast to the rolling behaviors of nanomembranes without
surface modifications, which typically exhibit long-edge
rolling if not constrained [59]. This indicates the strong
ability of grated patterns in regulating the rolling direction
of nanomembranes. Nonetheless, so far there exists no
dedicated theoretical work to study such regulation. In this
regard, here we performed FE simulations, considering a
rectangular nanomembrane with grating patterns arranged
along the lateral direction (i.e., 0,1 2r r> = ¥), as
illustrated in figure 4. It was found that the grating patterns,
of sufficient thickness (Hp) and density (ρ1), can transform
the originally long-edge (lateral) rolling mode (see
figure 4(a)) into short-edge (longitude) rolling mode (see
figure 4(b)). More comprehensive FE investigation reveals
that the resultant roll-up direction depends on not only the
thickness and density of the grating patterns, but also the

aspect (i.e., length/width) ratio R of nanomembranes, as
demonstrated in figure 5(a). From figure 5(a), the threshold
(Hp, ρ1) curves corresponding to the lateral-to-longitude
rolling mode transition can be identified for nanomembranes
of different aspect ratios, and it is interesting to see that
those curves effectively coincide into a single curve for
large aspect ratios (i.e., R>4). This consolidated curve
basically gives the requirement of Hp and ρ1 that can always
ensure nanomembrane rolling perpendicular to the grating
pattern.

Another interesting point to note from figure 5(a) is that
as the pattern density ρ1 increases, the Hp required to induce
the rolling mode transition quickly decreases and stays nearly
a constant value for large ρ1 values. Given that the grating
pattern serves to induce rolling anisotropy (i.e., promoting
longitude rolling over lateral rolling), this indicates that the
effect of patterning is more prominent at low pattern density.
To further understand the above observation, we examine the
roll-up curvatures κ11 and κ22 (predicted from equations (6)–(9))
for the longitude and lateral rolling respectively, and define a
parameter .22 11 11k k kL = -( )/ The parameter Λ effectively
characterizes the magnitude of anisotropy in rolling, and reflects
on the different driving forces along the two rolling directions.
Figure 5(b) plots Λ as a function of ρ1 for different Hp. We note
that the Λ versus ρ1 curve gets elevated as Hp increases. For all
Hp, Λ is seen to first rapidly increase with the pattern density,
and then gradually decay with further increase in the density.
The decline in Λ at large ρ1 suggests that excess pattern
density have little influence on rolling anisotropy. Comparing
figures 5(a) and (b), we can see that the turning point (in the
trend) in the Λ versus ρ1 curve roughly coincides with the
location where the Hp versus ρ1 curve starts to level out.

The predictive mapping of rolling modes presented in
figure 5(a) provides critical guidance for the design of grating
structures on nanomembranes, particularly in cases where the
regulation of rolling directions is important. Moreover, these
insights are also transferable to the design of more complex
roll-up geometries. For instance, the predictive design of a
helical configuration can be achieved from a grating-patterned
rectangular nanomembrane template, as illustrated in figures 6
and 7 and elaborated in details below.

For a grating-patterned rectangular nanomembrane, the
rolling direction can be precisely controlled by choosing the
appropriate Hp–ρ1 combination (see figure 5). In particular,
for short-edge (longitude) rolling, the grating pattern stays
perpendicular to the rolling direction. Now let us consider a
strip cut from the nanomembrane, aligned at an angle α to
the longitude direction (see figure 6(a)). A series of FE
simulations were performed to examine the formation of
helical configurations from the rolling of such strips varying
thicknesses (hb, hp and ht), pattern density ρ1 and angle α. It
was found that the resultant helical configuration is strongly
correlated with rolling behaviors of the host nanomem-
brane. In particular, the Hp–ρ1 combination that ensures
short-edge (longitude) rolling of the host nanomembranes
also prescribes the rolling direction of the strip, leading to
helix with axis parallel to the grating pattern, as illustrated

Figure 4. FE simulated results of the rolling behaviors for sample
rectangular nanomembranes (a) without and (b) and (c) with grating
patterns, with patterns indicated by orange strips, showing the
transition of the rolling model from the long-edge (lateral) rolling
(a) without or (c) with insufficient grating patterning to short-edge
(longitude) rolling (b) with sufficient presence of grating patterns. In
this illustrative example, the nanomembrane is assumed to be of
GaAs(top)/In0.2Ga0.8As

(bottom). Sample FE simulation movies illus-
trating the complete roll-up process available in supplementary
material.

6
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in figure 7. Meanwhile, interestingly enough, these strips also
exhibit nearly identical rolling diameter D with the host nano-
membrane (and thus can be predicted by equations (6)–(9)),
as demonstrated in figure 6(c). With both the axis and diameter
of the helix known, the pitch period (P) of the helix can also
been determined:

P D tan , 10p a= ⋅ ( )

where α denotes the helical angle, being also the angle the strip
makes with the longitude direction (see figure 6(a)). On the
other hand, within the Hp–ρ1 domain where the host nano-
membrane exhibits long-edge (lateral) rolling, the rolling of the
cut strips is much more complex with great variation in the
resultant rolling direction and diameter, showing no simple or
apparent relation to the rolling of the host nanomembrane, and
as a consequence, design of helixes with controlled config-
urations is not feasible (e.g., patterns show random alignment
with respect to the helix axis and the helix shows non-straight
axis and varying curvature spatially).

The above results demonstrate a new route to achieve
predictive design of helixes with precise control of their
geometry. The fact that we can use a pre-designed, grating-
patterned rectangular nanomembrane as the template also

provides interesting design insights towards versatile and
flexible fabrication of 3D roll-up nanostructures.

4. Conclusion

Employing both analytical modeling and comprehensive FE
simulations, we systematically studied the effect of topolo-
gical patterning (i.e., grating and rectangular patterns) on the
self-rolling behaviors of heteroepitaxial strained nanomem-
branes. Based on the Von-Karman nonlinear theory and Ritz
method, an analytical modeling framework that is capable of
predicting the resultant curvature of the patterned nano-
membrane has been formulated, with the accuracy and
reliability of model prediction validated through FE simu-
lations. Particularly for grating-patterned nanomembranes, it
was shown that the rolling direction can be precisely con-
trolled by appropriate selection of the pattern thickness and
density. Furthermore, the findings can also directly translate
into valuable design insights for more complex roll-up
geometries, such as helical structures. As an example, the
predictive design of helical structures of desired geometric
metrics (i.e., helical angle, pitch period and diameter),
resulted from strips cut from a host grating-patterned

Figure 5. (a) Diagram of preferred rolling modes for the strained, grating-patterned nanomembranes of different aspect ratio R as the Hp and
ρ1 vary, where the regimes above and below the curve (for a particular R) correspond to short-edge (longitude) and long-edge (lateral) rolling
respectively. (b) The magnitude of rolling anisotropy between lateral and longitudinal directions are quantitatively measured using

k k kla lo loL = -( )/ as a function of ρ and Hp. (c) shows a schematic illustration of two rolling modes (respectively corresponding to short-
edge and long-edge rolling) with grating pattern structures. The patterned and normal strained bilayer are colored in gold, green and blue,
respectively. In this illustrative example, the nanomembrane material system is assumed to be GaAs(top)/In0.2Ga0.8As

(bottom).
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nanomembrane was demonstrated. The present study eluci-
dates the pattern induced potential anisotropic self-rolling
behaviors and preferred roll-up direction, providing new
knowledge and mechanistic guidance towards predictive
control and tuning of 3D roll-up nanostructures via topolo-
gical patterning.
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