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a b s t r a c t

Rare-earth (RE) zirconate pyrochlores, of low thermal conductivity and high temperature stability, are
widely considered as a candidate material group for thermal barrier coatings (TBCs). Doping of a RE
zirconate pyrochlore has been shown to be one possible method towards additional reduction in the
thermal conductivity. Focusing on lanthanum zirconate (La2Zr2O7) as a representative RE zirconate
pyrochlore, we systematically investigated the effect of various doping elements, Gd, Y, Yb, In, Sc, Ce and
Hf, on the thermal conductivity. A complete computational route, based on first-principles calculations,
to predict the reduction of thermal conductivity by doping, has been developed. Employing first-
principles calculations combined with thermodynamic modeling, the defects resulted from doping are
explicitly clarified, with their concentrations determined considering the chemical environment. The
phonon-defect scattering is then evaluated and the resultant reduction of thermal conductivity is
determined from single-mode relaxation-time approximation. Good agreement has been achieved be-
tween our model predictions and available experimental data. The present study established a complete
computational route, based on first-principles calculations, to predict the reduction of thermal con-
ductivity by doping, not only for RE zirconate pyrochlores, but also for other complex oxide ceramics.

© 2020 Elsevier B.V. All rights reserved.
�1 �1
1. Introduction

Thermal barrier coatings (TBCs) are insulating coatings of very
low thermal conductivities, deposited on metallic components in
high-temperature mechanical systems, such as gas-turbine en-
gines, to enable high gas combustion temperature far beyond the
melting point of the metallic component [1e3]. The key component
of a TBC that determines its thermal insulating capacity is the
ceramic topcoat, typically composed of complex oxide ceramics of
low thermal conductivities. The quest for improved performance in
advanced gas-turbine engines requires further increase of the
operation gas temperature [1e3]. This necessitates technological
innovations to design and develop new top coatmaterials of further
reduced thermal conductance.

In recent years, rare-earth (RE) zirconate pyrochlores with a
general formula RE2Zr2O7 have emerged as promising candidate
materials for next-generation TBCs owing to their high-
temperature stability [4], and low intrinsic thermal conductivities
(i. e., 1e2Wm K from room temperature to ~1600 K) [4e7] that
are at least 15% lower than the currently used 7 wt% yttria-
stabilized zirconia (7YSZ) [4,6]. The remarkably low lattice ther-
mal conductivities of these pyrochlore oxides were reported to
originate from their low-lying optical phonon bands [8]. Further-
more, it has been reported that doping on cationic sites can be an
effectivemethod to reduce the thermal conductivity of a pyrochlore
oxide, e.g., as shown by experiments on doped La2Zr2O7 [9e14]. In
most of those previous studies [9e12,14], the dopants were
assumed to substitute certain cationic sites, i.e., either the RE site or
the Zr site in RE2Zr2O7. Nonetheless, the above treatment is not
accurate for many dopants, which may assume both RE and Zr sites
during the substitution process, e.g., Sc and In doping in La2Zr2O7
[13]. Moreover, the substitution of both cationic sites can lead to the
formation of charge neutralizing defects, i.e., oxygen vacancy or
interstitial oxygen. These extra defects introduced by doping can
contribute to further lowering the thermal conductivity, which was
not considered in previous studies.

Despite the demonstrated effectiveness, an accurate means to
quantitatively evaluate the effect of doping on thermal conductivities
of pyrochlore oxides is lacking. The doping-induced change in ther-
mal conductivity remains largely assessed by models [15,16] that
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estimate it simply based on basic physical properties measured from
experiments [9], with many essential aspects, including, e.g., the site
preference by dopants and doping-induced defects, not accounted
for. Aiming to address this challenge, in the presentwork,we propose
a systematic computational route to predict the thermal conductivity
of doped complex oxides. The La2Zr2O7 system doped by the set of
elements Gd, Y, Yb, In, Sc, Ce and Hf is selected as the representative
study case. Employing first-principles calculations combined with
thermodynamic modeling, the preferential doping sites, corre-
sponding substitutional defect concentrations, and the associated
oxygen vacancies and interstitials, were determined. First-principles
anharmonic lattice dynamics were then applied to evaluate
phonon-defect scattering and calculate the lattice thermal conduc-
tivity of the doped system. Good agreement between the predicted
thermal conductivities andavailable experimental datawasachieved,
confirming the accuracy and reliability of our approach.
2. Methodology

2.1. Crystal structure and possible defects

The ideal stoichiometric pyrochlore oxide A2B2O7 is cubic (space
group Fd3m) and can be alsowritten as A2B2O6O’Vac, with ions A, B,
O and O0 occupying sites at 16d (1/2,1/2,1/2),16c (0, 0, 0), 48f (x, 1/8,
1/8) and 8b (3/8, 3/8, 3/8) respectively, leaving the position 8a as
vacancy (Vac) [17]. La2Zr2O7 (A ¼ La and B]Zr), or LZO is one of the
common pyrochlore oxides, which is selected as the representative
system of focus for the present study. The main types of defects
existing in the LZO doped by element X (X ¼ Gd, Y, Yb, In, Sc, Ce or
Hf) can be substitutional defects, Xh at site h (h ¼ La or Zr), and the
oxygen vacancy (VacO or VacO0) and interstitial oxygen at 8a po-
sition (Oi). Therefore the general formula for the doped LZO would
be ðLa1�x1Xx1 Þ2ðZr1�x2Xx2 Þ2O7�2zþ2h, where x1 and x2 denotes the
doping concentrations at La and Zr sites respectively, and d and h

are the concentrations of oxygen vacancies and interstitials
respectively, per formula unit of LaZrO3.5. Note that x1 and x2 add up
to be the total dopant concentration, denoted as x0 thereafter. It is
worth noting that all of the defects can carry charges but the whole
doped system is considered to be charge neutral.
2.2. Basic formalisms

Since the reduction of thermal conductivity is dependent on the
defect types which are resulted from dopant, it is necessary to
identify the defect types and their corresponding concentrations
first, which is hard to do in the experiments. With defect concen-
trations determined, the thermal conductivities for the doped
systems can then be calculated using the single-mode relaxation-
time (SMRT) approximation [18] from first-principles anharmonic
lattice dynamics calculations. The basic formalisms for calculations
of the defect concentrations and the thermal conductivities for
doped complex oxides were elaborated in the following.

For the vacancy and interstitial type point defects, the concen-
tration of a defect D with charge q, is given by Ref. [19].
mOðT ; pÞ¼
1
2

�
EtotO2

þ EcorrO2
þ EzpO2

þHO2

�
T ; p0

�
� TSO2

�
T ;p0

�
þ kBT ln

p
p0
�
Dq�¼nD

exp
�
� DGf

�
Dq
�.

kBT
�

1þP
q’
exp

�
� DGf

�
Dq’
�.

kBT
�; (1)

in which DGf fDqg represents the formation energy of the defect D
with charge q, nD is the number of possible sites for the defect D in
the lattice per formula unit of LaZrO3.5 (e.g., nVacO ¼ 3, nVacO’ ¼ 0.5
and nOi

¼ 0.5), kB is the Boltzmann constant and T is the absolute
temperature. This equation is used to calculate the concentrations
for oxygen vacancies and interstitials.

In the case of a substitutional defect Xh with charge q, the defect
concentration can be given by

h
Xq
h

i
¼ x0P

q’

P
h’
exp

 
DGffXq

hg�DGffXq’
h’g

kBT

! (2)

assuming that all the dopants are dissolved into LZO to form a solid
solution. In the case of ðLa1�x1Xx1 Þ2ðZr1�x2Xx2 Þ2O7�2zþ2h, we have
x1 ¼ [XLa], x2 ¼ [XZr], z ¼ [VacO] þ [VacO’] and h ¼ [Oi].

The defect formation energy depends on the difference of the
defect induced in the total energy Etot with reference to the pristine
system. For an oxygen vacancy with charge q, the formation energy
is given by Ref. [20].

DGf �VacqO orVacqO0
�¼Etot

h
n
�
La2Zr2O7�1=n

�
;q
i
�Etot ½nðLa2Zr2O7Þ

��þmOþqme;

(3)
where n is the number of La2Zr2O7 formula units used in the
simulated supercell, mO is the chemical potential of oxygen and me is
electron chemical potential (or Fermi level). Similarly, for the
interstitial oxygen, we have

DGf
n
Oq
i

o
¼ Etot

h
n
�
La2Zr2O7þ1=n

�
; q
i
� Etot ½nðLa2Zr2O7Þ��mO

þ qme:

(4)
The formation energy of a dopant X substituting La- or Zr-site is
calculated by Ref. [20].

DGf �Xq
La

�¼ Etot
h
n
�
La2�1=nX1=nZr2O7

�
; q
i
� Etot ½nðLa2Zr2O7Þ

� �þmLa�mX þ qme;

(5)
and

DGf �Xq
Zr

�¼ Etot
h
n
�
La2Zr2�1=nX1=nO7

�
; q
i
� Etot ½nðLa2Zr2O7Þ

� �þmZr �mX þ qme;

(6)

respectively. In the above, mLa and mZr are the chemical potentials of
the host cations La and Zr respectively, and mX is the chemical po-
tential of the substitutional dopant.

The chemical potential of oxygen is calculated as half of Gibbs
free energy of one O2 (gas) molecule, which is [20].
	
; (7)
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where EtotO2
is the total energy at 0 K, EzpO2

is the zero-point energy of
the oxygen molecule (taken as 0.1 eV here [20]), p0 is the reference
pressure (p0¼1 atm) and p is the partial pressure of the oxygen gas.
HO2

and SO2
are the enthalpy and entropy of one oxygen molecule

collected from the thermodynamical table [21], respectively. The
enthalpy at 0 K, HO2 (0, p0), is set to be zero. EcorrO2

is an energy
correction term to correct the energy for the oxygen molecule. EcorrO2

assumes the values of 0.25 eV and �1.20 eV for Perdew-Zunger
local density approximation (PZ-LDA) [22] and Per-
deweBurkeeErnzerhof generalized gradient approximation (PBE-
GGA) [23] exchange-correlation functionals respectively [24].
Generally we can assume that defects form during sintering.
Considering that sintering of LZO is usually occurring at
T ¼ 1473e1873 K but with the pressure p unknown [9e14], we
chose T ¼ 1473 K (the results calculated at T ¼ 1873 K are not
present in this paper since they are very much similar to those at
T ¼ 1473 K) and p ¼ p0 as inputs for the defect calculations.

The values of mLa and mZr, cannot be exactly pinpointed as they
depend on the actual chemical environment. However, their ranges
can be determined by considering two limiting cases, i.e., La-rich
and Zr-rich situations, which can be taken as the system being in
equilibrium with the binary oxides La2O3 and ZrO2 respectively
[20]. The maximum value of mLa and minimum value of mZr can be
determined considering the La-rich case,

mmax
La ¼mLa2O3

La ¼1
2


Etot ½La2O3� �3mO

�
; (8)

mmin
Zr ¼1

2


Etot ½La2Zr2O7� �2mmax

La �7mO
�
: (9)

while similarly the maximum value of mZr and minimum value of
mLa can be determined considering the Zr-rich case

mmax
Zr ¼mZrO2

Zr ¼ Etot ½ZrO2� � 2mO; (10)

mmin
La ¼1

2


Etot ½La2Zr2O7� �2mmax

Zr �7mO
�
: (11)

It is worth to note that mX would be cancelled when plugging Eqs.
(5) and (6) into Eq. (2) to calculate the concentrations of substitu-
tional defects. Therefore it is not necessary to calculate mX.

For the Fermi level (me), we can pinpoint it by considering charge
neutrality of the whole system,

X
D

X
q
q
�
Dq�þ ch � ce ¼0; (12)

where ch is the concentration of holes in the valence band, ce is the
concentration of electrons in the conduction band, and the sum-
mation is taken over all charged defects. For wide band-gap insu-
lator like LZO (Egap ¼ 3.76 eV in this work and 3.52 eV from
measurement [25]), ch and ce are negligible comparing to the defect
concentrations [19,20] and therefore can be safely omitted. Besides,
the band edges, conduction band minimum (εCBM) and valence
band maximum (εVBM), are obtained according to the work by
Nyman et al. [20].

εCBM ¼ Etotðþ1Þ � Etotð0Þ; (13)

εVBM ¼ Etotð0Þ � Etotð�1Þ; (14)

where Etot(i) represent the total energy of the systemwith i electron
added. And the band-gap energy, Egap, is the difference between
εCBM and εVBM.
The lattice thermal conductivities were calculated with the
single-mode relaxation-time approximation of the linearized
phonon Boltzmann transport equation (SMRT-LBTE) from first-
principles anharmonic lattice dynamics calculations [18]. For a
system with randomly distributed dopants, the virtual crystal
approximation (VCA) [16] was used to treat it, where the lattice
constants, masses and second-order and third-order interatomic
force constants (IFCs) are taken as the weighted averages of
La2Zr2O7, X2Zr2O7 and La2X2O7 depending on their molar concen-
trations. The total phonon scattering rate (reciprocal of total
relaxation time) for a phonon mode (l) is given as the sum of
phonon-phonon (PP) and Phonon-dopant (PD) scattering rates,

1
ttot
l

¼ 1
tPP
l

þ 1
tPD
l
ðulÞ

; (15)

where ul represents the phonon frequency of the phonon mode l.
The PP scattering rate was calculated using SMRT method [18],
while the PD scattering rate is given by the second-order pertur-
bation theory as [18,26].

1
tPD
l
ðuÞ¼

p

2N
u2
l

X
l’

dðu�ul’Þ �
X
k

gkjeðk; lÞ,e*ðk; l’Þj2; (16)

where N is the number of unit cells in the crystal and e(k, l) denote
the phonon eigenvector of mode l for the kth atom and gk is the
variance parameter of the kth atom, which can be defined as
[15,16],

gk ¼
X
j

fj

"�
DMjk

Mk

	2

þ2
�
DGjk

Gk
� 6:4� gjk

Drjk
rk

	2
#
: (17)

In the above expression, we have

Pk ¼
X
j

fjPjk; (18)

DPjk ¼ Pjk � Pk; (19)

where fj is the fraction of the element (or defect) j, Pjk denotes the
atomic property, i.e., mass (M), radius (r) or local stiffness (G) of the
element (or defect) j at the kth atomic site, and gjk denotes the
Grüneisen parameter (i.e., anharmonicity) for the element (or
defect) j at the kth atomic site. In addition, the detailed procedures
to calculate rjk, Gjk and gjk for a cation can be found in the Sup-
plementary information.

With the scattering rates determined (cf. Eqs. (15) and (16)), the
thermal conductivity can then be calculated based on SMRT-LBTE,
given by Ref. [18],

kab ¼
1

NV0

X
l

Clv
a
l v

b
l
ttotl ; (20)

where V0 is the volume of a unit cell, Cl and vl are the heat capacity
and group velocity of the phonon mode l, respectively, which can
be obtained from the phonon frequency ul and second-order IFCs
[18]. a, b and g represent the Cartesian indices.

2.3. First-principles calculations

The relevant structural and energetic values were obtained from
the first-principles spin-polarized density functional theory (DFT)
calculations, which were performed using the Vienna ab initio
simulation package (VASP) [27,28] with Perdew-Zunger local



Table 1
The elements involved in this study with their corresponding valence states treated
within the PAW pseudopotentials and Hubbard U values for dopant at A-site (UA)
and B-site (UB) determined from LRA. The U is the average values calculated from UA

and UB, which is used for all defect energy calculations. The UA and UB are adopted in
all structural optimizations and phonon calculations. Note that all U corrections are
applied on the d-orbitals of the elements except for Ce, whose f-orbital is chosen to
be corrected. The pseudopotential used for Yb has been treated in VASP and hence U
correction is not necessary.

Element Valence state UA (eV) UB (eV) U (eV)

Gd 5p6 5d1 6s2 0.92 0.62 0.77
Y 4s2 4p6 5d1 5s2 3.01 1.84 2.43
Yb 5p6 4f1 6s2 e e e

In 5s2 5p1 e e e

Sc 3s2 3p6 3d1 3s2 2.43 1.60 2.02
Ce 5p6 4f1 5d1 6s2 5.88 4.96 5.42
Hf 5s2 5p6 5d2 6s2 3.08 2.39 2.74
La 5s2 5p6 5d1 6s2 1.67 e e

Zr 4s2 4p6 4d2 5s2 e 2.21 e

O 2s2 2p4 e e e

Fig. 1. Calculated formation energies of oxygen vacancies, i.e., VacO and VacO’, and
interstitial oxygen i.e., Oi, respectively denoted as yellow, red and cyan curves, as
functions of the electron chemical potential (top panel) and corresponding charge
transition levels (bottom panel). Note that for a defect at any particular chemical po-
tential, only the lowest formation energy value (and the most stable charge state) is
shown. The valence band and conduction band are denoted as grey shadows with text
‘VB’ and ‘CB’ respectively. The dotted shadow represents the valid range of electron
chemical potential where defects exhibit positive formation energies. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the Web
version of this article.)

Fig. 2. (top panel) DFT calculated formation energies (with respect to the chemical
potential of dopant mX, at 1473K), DGf þ mX as functions of the electron chemical po-
tential and (bottom panel) corresponding charge transition levels for a set of substi-
tutional dopants i.e., Y (yellow), Gd (cyan), Yb (red), Sc (blue), In (purple), Ce (green)
and Hf (black), located at (a) La- and (b) Zr-site. For each defect only the most stable
charge states are shown. Left and right energy scale represent energies are calculated
in La-rich (cf. Eqs. (8) and (9)) and Zr-rich (cf. Eqs. (10) and (11)) conditions respec-
tively. The valence band and conduction band are denoted as grey shadows with text
‘VB’ and ‘CB’ respectively. The dotted shadow region represents the valid range of
electron chemical potential where all the defects exhibit positive formation energies.
(For interpretation of the references to color in this figure legend, the reader is referred
to the Web version of this article.)
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density approximation (PZ-LDA) [22] based on plane-wave basis
sets. The electronecore interaction was described by the Bl€ochl’s
projector augmented wave method (PAW) within the frozen-core
approximation [29]. For the systems having transition metal ele-
ments or lanthanides, DFT þ U (in this study, LDA þ U, see below)
are also necessary to be used to enhance the on-site Coulomb in-
teractions, which is underestimated in the DFT [30]. A linear
response approach (LRA) has been proposed to determine the
Hubbard U values internally instead of empirically [31,32]. It has
been proved in our previous work [32] that U values determined
from LRA can improve the predictions of key thermophysical
properties for the pyrochlore oxides. Hence, in this study we adopt
the LDA þ U approach as well. It is worth noting that in our DFT
calculations, LDA þ U is used instead of GGA þ U, as it provides
much better agreement (in thermal conductivity predictions) with
the experiments. The valence configurations of the elements and
the corresponding U values determined from LRA are shown in
Table 1. Lattice parameters are optimized using the pyrochlore
primitive cell (22 atoms) with a 2�2�2 Monkhorst-Pack (MP)
kemesh for Brillouin-zone integration, a cutoff energy of 520 eV for
the plane-wave basis set, and a convergence criteria of 10�9 eV and
10�6 eV Å�1 for the total energy and the force respectively on each
ion. All defect calculations were performed using 2�2�2 periodic
supercell constructed from primitive cell with 1�1�1 Monkhorst-
Pack (MP) kemesh. Point defects carrying charge were modeled by



Fig. 3. (color online) The defect concentrations as functions of mZr (or mLa) at T ¼ 1473 K, p ¼ p0 and x0 ¼ 0.1 for LZO doped by (a) Gd, (b) Y, (c) Yb, (d) In, (e) Sc, (f) Ce and (g) Hf. The
blue, green, red and yellow curves denote the XLa, XZr, VacO and Oi defects respectively. (For interpretation of the references to color in this figure legend, the reader is referred to the
Web version of this article.)
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modifying the number of electrons in the supercell in terms of the
charge carried. Band gap and band edges (CBM, VBM) were ob-
tained using Eqs. (12) and (13). For LZO, the band gap from our
calculations is 3.76 eV, in good agreement with the experimental
measurement, 3.52 eV [25].
PHONOPY [33,34] and PHONO3PY [18] were used for the phonon
and heat-transport calculations. The second- and third-order IFC
were obtained with the finite-displacement supercell method [35]
using 2�2�2 periodic supercells constructed from the pyrochlore
primitive cell with a 1�1�1 MP kemesh as well. For calculations of



Fig. 4. (color online) The average defect concentration ½D� (cf. Eq. (20)), calculated at
T ¼ 1473 K, p ¼ p0 and x0 ¼ 0.1 for LZO doped by Gd, Y, Yb, In, Sc, In, Ce and Hf. The
blue, green, red and yellow bars correspond to XLa, XZr, VacO and Oi defects respec-
tively. The lower and upper limit of the error bars denote the defect concentrations at
La- and Zr-rich conditions respectively. (For interpretation of the references to color in
this figure legend, the reader is referred to the Web version of this article.)
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thermal conductivity, the 9�9�9 q-mesh was applied considering
accuracy and computational cost. The detail procedures to select the
q-mesh can be found in the Supplementary information.

3. Results and discussion

3.1. Defect formation energetics

3.1.1. Oxygen defect
Using Eqs. (3), (4) and (7), the formation energies of oxygen

defects, i.e., O (48f) and O’ (8b) vacancies and interstitial O (8a),
were calculated for charges q ¼ þ2, þ1, 0, �1, �2. As afor-
mentioned in Section 2.2, defect formation was evaluated at
T ¼ 1473K, a typical sintering temperature for LZO. Fig. 1 show the
formation energies as a function of the electron chemical potential
and corresponding charge transition levels for the oxygen defects
(VacO, VacO’, Oi) at 1473 K (typical sintering temperature, see pre-
vious description in Section 2.2). Note that for each of the defect
only the charge state with lowest formation energies (i.e., the most
stable charge state) were shown. For both of the oxygen vacancies
(VacO’ and VacO), it is seen that the þ2 charge state is the most
stable over the majority portion of the band gap. The formation
energy of VacO is significantly (about 1 eV) lower than that of VacO0,
indicating that almost all of the oxygen vacancies form at O (48f)
instead of O’ (8b) positions. For the interstitial O (Oi) defect, the �2
charge state is the most stable (exhibiting much lower energy than
the other states) over the band gap. It is important to note that the
negative charge (�2) coming from Oi is crucial to neutralize the
system consisting VacO and/or substitutional defects carrying
positive charges. In addition, all oxygen defects ought to exhibit
positive formation energies, as otherwise the pyrochlore structure
would not be stable. Consequently this renders the valid range of
electron chemical potential where all defect formation energies are
positive, which corresponds to the range of (me - εVBM) being be-
tween 0.60 and 1.34 eV, as indicated by the dotted shadow in Fig. 1.

3.1.2. Substitutional dopants
The formation energies with chemical potential of dopant (DGf

þ mX) as a function of the electron chemical potential (cf. Eqs. (4-5)
and (9-11)) and corresponding charge transition levels for a set of
substitutional dopants (i.e., Y, Gd, Yb, Sc, In, Ce and Hf) on La- and
Zr-site calculated at T ¼ 1473 K are show in Fig. 2 (a) and (b)
respectively. We see that the transition levels of charge state for all
these dopants located around the band edges, except for In (at La
site) and Ce (at La and Zr sites), which may exhibit one additional
charge state at the electron chemical potential of ~2.5 eV, attrib-
uting to the larger electronegativity of In and Ce retaining one
electron localized at its 4f orbital. Nonetheless, within the valid
range of electron chemical potential (as indicated by the dotted
shadow), all these dopants exhibit their common oxidation states,
corresponding to Y0

La, Gd0
La, Yb

0
La, Sc

0
La In0

La Ceþ1
La , Hfþ1

La and Y�1
Zr ,

Gd�1
Zr , Yb

�1
Zr , Sc

�1
Zr , In

�1
Zr , Ce

0
Zr, Hf

0
Zr substitutional defects at La-site

(XLa) and Zr-site (XZr) respectively. We found that the formation
energy of XLa (XZr) calculated under La-rich condition (with mmax

La
and mmin

Zr , cf. Eqs. (8) and (9)) is (~0.4 eV) higher (lower) than that
calculated at Zr-rich condition (with mmin

La and mmax
Zr , cf. Eqs. (10) and

(11)) (cf. Fig. 2 (a) and Fig. 2 (b) for the XLa and XZr respectively). In
other words, La-rich and Zr-rich condition facilitates formation of
the XZr and XLa substitutional defects respectively.
3.2. Defect concentration and lattice constant upon doping

Plugging the defect formation energies into Eqs. (1) and (2), we
can obtain the concentrations of oxygen (VacO, VacO’ and Oi) and
substitutional (XLa, XZr) defects of different charge states. For a
certain temperature (T), total dopant concentration (x0) and oxygen
partial pressure (p), the concentrations of oxygen defects are
functions of me, while those of substitutional defects are functions of
me and mZr (or mLa). For the three parameters, me, mZr and mLa, mZr and
mLa take values in the ranges between La-rich and Zr-rich conditions
defined by Eqs. (8)e(11), while me can be pinpointed from the
charge neutral condition, i.e., by plugging all the defect concen-
trations into Eq. (12). Fig. 3 shows the defect concentrations as a
functions of mZr (or mLa) at T ¼ 1473 K, p ¼ p0 and x0 ¼ 0.1 for LZO
doped by Gd, Y, Yb, In, Sc, In, Ce and Hf. Note that only the con-
centrations of VacO2þ, Oi

2- and the substitutional defects with dop-
ants being in common oxidation states are shown since they are the
prevailing types of defects in the system (i.e., their concentrations
are orders of magnitude higher than other defects). The increase or
decrease of mZr results in enhanced or decreased concentration of
the XLa defect respectively, while the increase or decrease of mLa
facilitates or discourages substitution at the Zr site respectively.
Particularly for the seven doping elements considered, Gd and Y
predominately prefer substitution at the La site, while on the
contrary, Hf, Sc and In strongly prefer substitution at the Zr site,
albeit that Inmay exhibit notable doping at the La site at high mZr (or
low mLa). On the other hand, the dopants Yb and Ce show alter-
nating site preference depending mZr (or mLa), with Zr site and La site
doping preferred under La-rich and Zr-rich conditions respectively.
Meanwhile, we can see from Fig. 3 that the concentrations of VacO2þ

and Oi
2- are generally small. However, in the situations of high X�1

Zr
(e.g., In�1

Zr in Fig. 3d) or Xþ1
La (e.g., Ce

þ1
La ) presence, the concentration

of VacO2þ or Oi
2- respectively will increase accordingly as the com-

itant charge-neutralizing agent.
As clearly demonstrated by Fig. 3, the defect concentration is

dependent on mZr (or mLa). However, because the exact values of mZr
(or mLa) would depend on the actual synthesis condition and cannot
be precisely pinpointed, therefore the resultant defect concentra-
tion may vary. Considering such indeterminacy, in this work we
calculated the average defect concentration, defined as

½D� ¼
ðmmax
Zr

mmin
Zr

½D�dmZr
,�

mmax
Zr �mmin

Zr

�
; (21)

where D ¼ XLa, XZr, VacO and Oi, representing the defect type. Fig. 4



Fig. 5. (color online) The doping-induced lattice constant change ratio, DL=L0, as a function of the total dopant concentration x0, for LZO doped by (a) Gd, (b) Y, (c) Yb, (d) In, (e) Sc,
(f) Ce and (g) Hf calculated at T ¼ 1473 K and p ¼ p0. The solid, dashed and dashed-dotted lines respectively denote the DL=L0 calculated using the average defect concentration, and
defect concentrations corresponding to the La- and Zr-rich limits. The calculated results are compared with various experimental measurements (i.e., Wan2006 [9], Wang2012 [10],
Ren2015 [11], Wang2013 [13] and Wang2014 [14]), which are indicated by open symbols. (For interpretation of the references to color in this figure legend, the reader is referred to
the Web version of this article.)
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shows the calculated values of ½D� for doping at Zr and La sites (top
panel) and associated VacO and Oi defects (bottom panel). In the
sequence of Gd, Y, Yb, In and Sc, the average concentration of XZr
and VacO defects increase, while in contrast the average concen-
tration of XLa decreases, with the amount of Oi stays negligible.
Dopant Ce can substitute both of the Zr- and La-site with formation
of considerable amount of Oi defect, while Hf would only occupy
the Zr-site. In addition, we can see from the error bars that large
variation in the defect concentration would be expected for the
cases of Yb and Ce doping of LZO.
Meanwhile, with the defect concentration determined, we can
further estimate the resultant lattice constant of the doped LZO:

Lðx0Þ¼ ð1� x0ÞL0 þ x1LX2Zr2O7
þ x2LLa2X2O7

(22)

where L0 and L(x0) denoted the lattice constants of the pristine and
doped LZO of a total dopant concentration x0 respectively, LX2Zr2O7

and LLa2X2O7
denote the lattice constants corresponding to full

dopant substitution at the La and Zr sites respectively, and x1¼ [XLa]
and x2 ¼ [XZr] are actual doping concentrations at La and Zr sites
respectively. As mentioned above, the values of x1 and x2 are



Table 2
Calculated values of ionic radius, rX (Å), stiffness, GX (eV/Å2) and Grüneisen pa-
rameters, gX, for the dopant X located at A-site and B-site, and the atomic mass, MX

(AMU).

Dopant X rX GX gX MX

A B A B A B

Gd 1.16 0.85 10.54 9.62 1.99 1.58 157.25
Y 1.16 0.84 10.94 9.51 1.82 2.83 88.91
Yb 1.10 0.79 8.95 10.33 2.64 1.71 173.05
In 1.11 0.80 9.94 13.96 6.02 1.91 114.82
Sc 1.07 0.74 6.81 8.60 4.16 1.99 44.96
Ce 1.22 0.83 10.83 17.01 1.77 2.21 140.12
Hf 0.93 0.71 14.57 20.63 3.44 1.65 178.49
La 1.23 e 11.19 e 1.70 e 138.90
Zr e 0.72 e 18.75 e 1.70 91.22
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dependent on mZr (or mLa) and cannot be precisely pinpointed. In
this regard, herewe computed L(x0) using the defect concentrations
calculated at two limit cases, i.e., La- and Zr-rich conditions, as well
as the average defect concentration. In Fig. 5, we compared the
doping induced lattice constant change ratio, defined as DL= L0 ¼
½Lðx0Þ � L0�=L0, as a function of the total dopant concentration x0,
with available experimental data [9e11,13,14], for different doped
systems. Despite the limited experimental data, overall we can see
good agreement between our prediction and experimental mea-
surements, with most experimental data falling into or staying
close to the range set by the La- and Zr-rich limits except the system
doped by Sc, for which the experimental measurements show some
scattering yet the deviation is still reasonably small. The good
agreement evinces the validity and accuracy of our theoretical
approach.

Moreover, one thing worth noting is that the comparison be-
tween theoretical predictions and experimental data in Fig. 5 can
also provide hints on the chemical environment for experiments.
For instance, for the systems doped by Gd, Y and Yb, the experi-
mental data [9e11] are located close to the lower boundary of
prediction (i.e., Zr-rich limit), thus indicative of synthesis under the
Zr-rich condition. For dopant Ce, the experimental data are located
close to the La-rich limit initially but approach the average case (i.e.,
solid line) for higher x0 values, suggesting a varying chemical
environment for experiments.
3.3. Effect of doping on lattice thermal conductivity of LZO

As elaborated above (cf. Eqs. (15)e(20)), the effect of doping on
thermal conductivity can be evaluated by examining the phonon
scattering rate, reflected in the PD scattering rate. According to Eqs.
(16) and (17), the PD scattering rate increases with the variance
parameter that is dependent on the defect concentration, atomic
mass, ionic radius, stiffness and Grüneisen parameter. Table 2
shows the calculated values of ionic radius (rX), stiffness (GX) and
Table 3
Calculated size variance (gSVX ), stiffness variance (gGVX ), mass variance (gMV

X ) and total varia
concentrations being x1 ¼ 0.1, x2 ¼ 0.1 and z ¼ 0.05, respectively.

Dopant X XLa, x1 ¼ 0.1 XZr, x2 ¼ 0.1

gSVX gGVX gMV
X

gX gSVX gGVX

Gd 0.090 0.001 0.002 0.077 0.581 0.0
Y 0.072 0.000 0.013 0.079 1.543 0.0
Yb 0.495 0.007 0.005 0.386 0.206 0.0
In 2.405 0.002 0.003 2.266 0.297 0.0
Sc 1.906 0.030 0.047 1.514 0.031 0.0
Ce 0.001 0.000 0.000 0.000 0.823 0.0
Hf 5.062 0.015 0.007 5.637 0.008 0.0
Grüneisen parameter (gX) for dopant X located at A-site and B-site
along with the atomic mass (MX). We see that the values of rX, GX
and gX can be site-dependent. Using these atomic properties as
inputs, we can compute the variance parameter gX (cf. Eq. (17)).
Meanwhile, from Eq. (17) above, we see that the gx parameter
essentially gets contributions from variation in mass, stiffness and
size, in light of which we can also define gMV

X ¼ P
j
fjðDMjX=MXÞ2,

gGVX ¼P
j
fj½2ðDGjX=GXÞ2� and gSVX ¼P

j
fj½2ð6:4� gjXDrjX=rXÞ2� to

separately examine the mass, stiffness and size variance contribu-
tions. It is, however, worth noting that gx is not a simple summation
of those individual variance contributions. Table 3 shows some
sample values of gX, gMV

X , gGVX and gSVX calculated for the XLa, XZr and
VacO defects (in ðLa1�x1Xx1 Þ2ðZr1�x2Xx2 Þ2O7�2zþ2h) with their con-
centrations being x1 ¼ 0.1, x2 ¼ 0.1 and z ¼ 0.05 respectively. As
illustrated in Table 3, for the substitutional defects (i.e., XLa and XZr),
gSVX is the most dominant factor in contribution to the variance
parameter, thus subsequently the scattering rate and reduction of k.
However, there is one exception, being Hf doping at the Zr site, for
which the gMV

X is more important. This is, however, expected
because of the small size difference between Hf and Zr cations (see
Table 2). On the other hand, gGVX is generally very small for the
substitutional defects but plays a significant role for the oxygen
vacancy (VacO). In addition, overall we see that the substitutional
defect exhibits considerably larger variance parameter than that
from the oxygen vacancy, and therefore is expected to much more
effective in affecting k of the material.

As afore-described, with the variance parameters of defects,
alongwith their concentrations, determined, the phonon scattering
rate of a doped LZO can be evaluated (cf. Eqs. (15) and (16)). Sub-
sequently the thermal conductivity k of a doped LZO can be ob-
tained (cf. Eq. (20)). Fig. 6 shows the predicted change in the
thermal conductivity with reference to the pristine LZO, i.e., Dk ¼ k

e kLZO, as a function of the total dopant concentration, x0, for LZO
doped by Gd, Y, Yb, In, Sc, In, Ce and Hf calculated at T ¼ 473 K, in
comparison with available experimental data [7,9e11,13,36]. As
seen in Fig. 6, the La-rich and Zr-rich conditions provide the bounds
of the predicted Dk, while the average condition (i.e., based on the
average defect concentrations) gives the intermediate prediction.
We see that overall most of the experimental measurements
(despite limited availability) fall into or close to the range of pre-
dictions bounded by La- and Zr-rich limits. However, we can note
that for the case of Gd-doped LZO, there exists sizable deviation
between prediction and some experimental data. In particular, we
see from Fig. 6a that our prediction shows good agreement with the
experimental Dk data from the studies by Lehmann et al. [7] and
Pan et al. [36], but are considerably lower than those reported in
experiments by Wan et al. [9]. Nonetheless, a careful examination
of the work of Wan et al. [9] revealed that their thermal conduc-
tivity data are consistently higher than those from a more recent
work, i.e., Pan et al. [36], from the same research group. For
instance, Wan et al. [9] reported an intrinsic thermal conductivity
nce (gX ) for XLa, XZr and VacO defects in ðLa1�x1 Xx1 Þ2ðZr1�x2 Xx2 Þ2O7�2zþ2h with their

VacO, z ¼ 0.05

gMV
X

gX gSVX gGVX gMV
X

gX

47 0.041 1.000 0.000 0.034 0.017 0.051
48 0.000 2.133 0.000 0.034 0.017 0.051
40 0.061 0.488 0.000 0.034 0.017 0.051
12 0.006 0.436 0.000 0.034 0.017 0.051
59 0.026 0.200 0.000 0.034 0.017 0.051
02 0.023 0.919 0.000 0.034 0.017 0.051
02 0.069 0.086 0.000 0.034 0.017 0.051



Fig. 6. (color online) The relative lattice thermal conductivity (Dk ¼ k e kLZO) with respect to the total dopant concentration, x0, for the LZO doped by Gd, Y, Yb, In, Sc, In, Ce and Hf
calculated at T ¼ 473 K. The k calculated according to average defect concentrations are denoted as solid lines. The dashed and dashed-dotted lines represent the calculations
performed at La- and Zr-rich limits respectively. The scopes of predictions bounded by La- and Zr-rich limit are filled with grey shade. The calculated results are compared with
various experimental measurements (i.e., Lehmann2003 [7], Wan2006 [9], Wang2012 [10], Ren2015 [11] Wan2010 [12], Wang2013 [13] and Wang2014 [14], Pan2007 [36]). (For
interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)

G. Lan et al. / Journal of Alloys and Compounds 826 (2020) 154224 9
of ~2.0 Wm�1K�1 for pristine Gd2Zr2O7 (at T ¼ 473 K), while the
later work, Pan et al. [36], reported a much lower value of k ¼ ~1.3
Wm�1K�1 (which is very close to our prediction, 1.24 Wm�1K�1).
Therefore we believe the deviation seen in Fig. 6a is very likely
resulted from uncertainty in experimental measurements.
Meanwhile, comparing the resultant reduction from different
dopants, we see that on average, Yb, In and Sc are all quite effective
in reducing thermal conductivity, yet In and Sc show wider Dk
ranges, and thus their actual effectiveness may vary depending on
the chemical environment. On the other hand, we see Hf is the least
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effective one among all dopants considered. This can be attributed
to the small variance parameter (gX) for Hf substituting the Zr site
(the predominant site Hf occupies, see Fig. 3g regardless of the
chemical environment), as demonstrated in Table 3.

From the above results, we see that overall for doping as a
method to reduce the thermal conductivity of a complex oxide,
its effectiveness not only depends on the dopant type, but also
the chemical environment (cf. Fig. 6). The reduction in thermal
conductivity by a doping element may be maximized by tuning
the chemical environment to drive dopants towards to the sub-
stitutional sites that would result in larger variance parameters.
It is important to note that the results in Fig. 6 correspond to
temperature T ¼ 473K, which is chosen because rich experi-
mental data are available at 473K and the radiation contribution
on thermal conductivity can be ignored at such low temperature.
This temperature is not to be confused with the typical sintering
temperature of 1473K used in the calculations of defect concen-
trations. Moreover, it is worth noting that in our study we as-
sume no doping-induced changes in the lattice (pyrochlore)
structure for simplicity, while in reality one needs to take caution
in respecting the solubility limits of in the pyrochlore phase, as
excessive doping would result in complications such as precipi-
tation and phase transformation, which are not considered in our
computational approach. Hence, we only compare our calculated
results with the experimental ones measured in pyrochlore
phase. In addition, besides the defects considered in the present
study, it also worth noting that there exist other intrinsic defects,
such as Frenkel and Schottky disorders, which may also
contribute to influencing thermal conductivity, particularly at
high temperatures. Those complications are beyond the scope of
the present work but certainly warrant further studies.
4. Conclusion

To conclude, we conducted a comprehensive first-principles
investigation of the effect of doping on thermal conductivity of
RE zirconate pyrochlores, using La2Zr2O7 doped by Gd, Y, Yb, In, Sc,
Ce and Hf as a representative model system. Different defects
resulted from doping, including dopant substitution at La and Zr
sites, charge neutralized oxygen vacancies and oxygen interstitials,
were identified and examined, with the defect concentration
quantitatively evaluated as the chemical environment varies. With
the defect concentrations obtained, the phonon-defect scattering
rates and subsequently the doping induced reduction of thermal
conductivity can be quantitatively evaluated from single-mode
relaxation-time approximation. The comparison between our pre-
dictions of thermal conductivity and available experimental data
shows good agreement, confirming the accuracy of our approach.
As an additional note, it is worth mentioning that in other systems,
there may be need to consider other defect types, e.g., cationic in-
terstitials in systems of small cations, which can be a topic for
future studies.

The present study demonstrated a systematic computational
route to quantitatively assess the reduction of thermal conductivity
resulted from doping in RE zirconate pyrochlores. The approach is
also expected to be generally applicable for other complex oxide
ceramics. Our findings provide new quantitative predictive tools
towards efficient screening and exploring of TBC materials.
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